In this paper some common fixed point theorems for a pair of multivalued weakly isotone mappings on an ordered Banach space are proved.
Introduction
Let X be a Banach space with norm . . A nonempty closed subset K of X is called a cone if
(ii) λ K ⊆ K for all λ > 0 and (iii) (− K) ∩ K = {0} where 0 is the zero element of X.
We define an order relation ≤ in X with the help of the cone K as follows: for x, y ∈ X then x ≤ y iff y − x ∈ K. By an ordered Banach space X we mean the Banach space X equipped with a partial ordering ≤ induced by K. Let z, w ∈ X be such that z ≤ w. Then by an order interval [z, w] we mean a set in X defined by [z, w] = {x ∈ X : z ≤ x ≤ w}.
A cone K is normal in X if every order interval in X is bounded in norm (see [1, 4] ). Definition 1.1: A map T : X → X is said to be isotone increasing if for x, y ∈ X and x ≤ y we have T x ≤ T y.
The measure of noncompactness [2] of A ⊆ X is defined by In Section 2 we prove new common fixed point theorems for a pair of single valued maps and in Section 3 we prove the multivalued analogue of these theorems. The results in this paper complement and extend results in the literature; see [3] and the references therein.
Pairs of Single-Valued Mappings
In this section we prove some common fixed point theorems for a pair of mappings defined on a closed subset of an ordered Banach space X.
Condition D Q : Let Q ⊆ X. Two maps S, T : Q → Q are said to satisfy condition D Q if for any countable set A of Q and for any fixed a ∈ Q the condition
implies A is compact. Definition 2.1: Two maps S and T on an ordered Banach space X into itself are said to be weakly isotone increasing if S x ≤ T S x and T x ≤ S T x for all x ∈ X. Similarly S and T are said to be weakly isotone decreasing if S x ≥ T S x and T x ≥ S T x for all x ∈ X. Also two mappings S and T are called weakly isotone if they are either weakly isotone increasing or weakly isotone decreasing. Now we are ready to prove our main result. Proof: Let x ∈ B be arbitrary. Suppose S and T are weakly isotone increasing. Define a sequence {x n } ⊆ B as follows:
(2.1)
and so we have
.}. Now A is countable and
Now S and T satisfy condition D B so A is compact. Thus {x n } has a convergent subsequence which converges to say x ∈ B. However {x n } is nondecreasing from above, so the original sequence {x n } converges to x ∈ B. Also the continuity of T and S imply
Thus S and T have a common fixed point. The case when S and T are weakly isotone decreasing is similar. 
which is a contradiction. Thus α(A) = 0, so A is compact.
In our next result let X be a Banach space, K a cone in X and let x, y ∈ X be such that x ≤ y. Also [x, y] denotes an order interval in X as described in Section 1. We know from Corollary 2.2 that the sequence {x n } defined by x 0 = x, x 2 n+1 = S x 2 n , x 2 n+2 = T x 2 n+1 for n ≥ 0 converges to a common fixed point x ∈ [x, y] of S and T . Now let z ∈ [x, y] be any common fixed point of S and T . We claim that x ≤ z. To see this notice since S and T are isotone increasing that
(ii) Suppose S and T are weakly isotone decreasing.
We know from Corollary 2.2 that the sequence {x n } defined by 
Pairs of Multivalued Mappings.
Let X be an ordered Banach space and let 2 X (respectively C(X)) denote the family of all nonempty (respectively, nonempty closed) subsets of X. Let A, B ∈ 2 X . Then A ≤ B means a ≤ b for all a ∈ A and b ∈ B. Definition 3.1: A map T : X → 2 X is said to be isotone increasing if for x, y ∈ X and x ≤ y, x = y we have T x ≤ T y. Definition 3.2: Two maps S, T : X → 2 X are said to be weakly isotone increasing if for any x ∈ X we have S x ≤ T y for all y ∈ S x and T x ≤ S y for all y ∈ T x. S and T are called weakly isotone decreasing if for any x ∈ X we have S x ≥ T y for all y ∈ S x and T x ≥ S y for all y ∈ T x. Also two mappings S and T are called weakly isotone if they are either weakly isotone increasing or weakly isotone decreasing.
Condition D Q : Let Q ⊆ X. Two maps S, T : Q → 2 Q are said to satisfy condition D Q if for any countable set A of Q and for any fixed a ∈ Q the condition Proof: Let x ∈ B be arbitrary. Suppose S and T are weakly isotone increasing. Define a sequence {x n } ⊆ B as follows:
Note x 1 ∈ S x 0 and since S x 0 ≤ T y for all y ∈ S x 0 we have S x 0 ≤ T x 1 . In particular S x 0 ≤ x 2 , and so x 1 ≤ x 2 . As a result we have
.}. Now A is countable and
Now S and T satisfy condition D B so A is compact. Thus {x n } has a convergent subsequence which converges to say x ∈ B. However {x n } is nondecreasing from above, so the original sequence {x n } converges to x ∈ B. Now
together with the fact that S has closed graph implies x ∈ S x . Similarly x ∈ T x . The case when S and T are weakly isotone decreasing is similar. In our next result let X be a Banach space, K a cone in X and let x, y ∈ X be such that x ≤ y. Also [x, y] denotes an order interval in X as described in Section 1. Proof: If S and T are weakly isotone increasing we define a sequence {x n } ⊆ [x, y] as in (3.1) with x 0 = x, whereas if S and T are weakly isotone decreasing we define a sequence {x n } ⊆ [x, y] as in (3.1) with x 0 = y.
